In the substitutionally disordered narrow-gap semiconductor Pb 1−x Ge x Te, a finite-temperature cubic-rhombohedral transition appears above a critical concentration x ≈ 0.005. As a first step towards a first-principles investigation of this transition in the disordered system, a 
Pure PbTe has a rocksalt structure that is stable to zero temperature. Pure GeTe also has the rocksalt structure at high temperature but undergoes a structural phase transition, indicated in Figure 1 , to a rhombohedral phase at a critical temperature T c ≈ 670K. 5 As the Ge concentration x decreases from 1 to 0, T c for a cubic-rhombohedral phase transition decreases smoothly to zero at x ≈ 0.005. 4, 6 Finally, there are existing phenomenological and empirical models for this transition. [7] [8] [9] [10] These models focus on the role of Ge off-centering 7, 8 in the phase transition. Off-centering is observed in a number of compounds where there is a mismatch between the ionic radii of two species that statistically occupy the same kind of site. 11 There is direct experimental evidence for off-centering in Pb 1−x Ge x Te. The extended X-ray-absorption fine-structure measurements of Islam and Bunker 10 show two peaks in the distribution function for Ge-Te distances both above and below T c , as opposed to the single peak that would be seen if the Ge atoms were located at the centers of the octahedra formed by their first-neighbor Te atoms. The phenomenological and empirical models previously considered provide a reference for comparison with the model derived from first principles here.
Model Hamiltonians based on ab-initio calculations have been successfully constructed for a number of stoichiometric ferroelectrics and related materials, including GeTe 12 , PbTiO 3 13 , PbZrO 3 14 , BaTiO 3 15,16 , SrTiO 3 17 and KNbO 3 18 . In constructing these models, the high-symmetry average structure of the high-temperature phase is chosen as a reference structure. Normal mode dispersion relations and eigenfunctions are calculated to determine the unstable modes. The normal mode branches containing the unstable modes form a basis for the ionic displacement subspace determining, by projection, an effective Hamiltonian. Via a linear transformation, a localized lattice Wannier function 19 (LWF) basis is found. The energy is expanded in powers of the lattice Wannier function coordinates and strain and the coefficients in the expansion are determined from a set of ab-initio calculations.
In a substitutionally disordered system, it is not enough to include only the lattice degrees of freedom. Configurational entropy also plays an important role; the partition function, from which all thermodynamic properties can be obtained, includes a sum over all possible configurations. Different fixed configurations will undergo structural phase transitions at different temperatures. Furthermore, the nature of the configurations whose properties dominate in the thermodynamic limit will itself depend on temperature. However, it is not necessary to investigate all possible configurations in order to model a phase transition in a disordered system. In fact, if a model can be formulated in terms of intersite interactions that decay rapidly with distance to some asymptotic form, only a small number of configurations need to be explicitly calculated from first principles.
In this work, we investigate a single Pb 1−x Ge x Te configuration: the ordered 8 atom Pb 3 GeTe 4 cubic cell (x = 0.25), shown in Figure 2 . This configuration was chosen for several reasons: (1) it is toward the Pb-rich end of the phase diagram, which is appropriate for studying how adding a small concentration of Ge to PbTe "turns on" a phase transition at zero temperature, (2) it contains the minimum number of atoms per cell (eight) for any x ≤ 0.25 and (3) among the eight atom cells with x = 0.25, it has the highest point symmetry. The small size and high symmetry of the unit cell for cubic Pb 3 GeTe 4 makes ab initio calculations relatively computationally inexpensive. Our calculation of T c for this system provides a benchmark for comparison with T c for other configurations and for the ensemble average at the same composition.
This paper is organized as follows. Section II describes the general principles governing 3 the construction of model Hamiltonians and the lattice Wannier function method for determining the effective Hamiltonian subspace. In Section III, these methods are applied to the specific case of cubic Pb 3 GeTe 4 and a model Hamiltonian is obtained. The model Hamiltonian is used in a classical Monte Carlo simulation in Section IV to obtain the transition temperature and order of the cubic-rhombohedral phase transition in this system. The results are further discussed in Section V, including their implications for the substitutionally disordered Pb 1−x Ge x Te system. Conclusions are given in Section VI.
II. CONSTRUCTION OF MODEL HAMILTONIANS
At the level of the Born-Oppenheimer approximation for electronic energy, the classical partition function Z for a disordered system on a fixed lattice is
where {σ j } represents the chemical configuration, i.e. which type of ion occupies each site j, e is the homogeneous strain tensor, {u j } is the set of ionic displacements defined with respect to some reference structure for the given chemical configuration and strain, and {u j } is the set of ionic velocities. If, in addition, the ionic motion is treated classically, the integral over {u j } leads to a trivial u-independent factor, and the partition function can be rewritten as
2)
The partition function 2.2 can be rewritten Z ∝ {σ j } Z({σ j }), where Z({σ j }) is the partition function for the ensemble corresponding to the single chemical configuration {σ j }.
In what follows, we consider only one chemical configuration, so the configuration label σ j will be dropped. The partition function now simplifies to
In general, E({u j }, e) can be expanded as a Taylor series in powers of u j and e. If the reference structure is at an energy extremum, then the linear terms in the expansion vanish:
The harmonic term, E (2) ({u j }, e) is the sum of a lattice term
where F is the force constant matrix, a strain term 6) where c is the elastic constant tensor, and a strain-coupling term
where g is the strain-coupling tensor. By the usual change of variable to normal mode variable, {u j } = ν a ν ǫ ν , the harmonic lattice term is reduced to a single sum:
where a ν is the amplitude, ǫ ν the (normalized) ionic displacement pattern, ω ν the frequency, and m ν the mode effective mass for normal mode ν.
In what follows, it is assumed that the fixed configuration is periodic. Then the normal mode label ν can be replaced by kiα, where k is the wavevector, i the symmetry-invariant subspace and α the branch of the normal mode dispersion curves on which the mode lies.
For example, in a structure with two atoms per unit cell, i = 1 represents the acoustic modes, i = 2 the optical modes, and in each subspace α = 1 labels the longitudinal and α = 2, 3 labels the two transverse branches.
If the extremum or reference structure is a saddle point in the energy surface rather than a minimum, some of the normal modes will be unstable (ω 2 kiα < 0). As described in detail by Rabe and Waghmare 20, 19 , the model Hamiltonian approach to structural phase transitions 5 associated with soft phonons aims to reduce the ionic degrees of freedom to those of the "effective Hamiltonian" subspace that contains the important anharmonic terms in Eq. 2.4.
All normal mode subspaces i that contain unstable modes must be included in the effective Hamiltonian subspace. An expansion of the total energy in these degrees in freedom requires higher-order terms in order to stabilize the structure at a finite distortion. As the simplest approximation, terms are kept to only harmonic order in the subspace complementary to the effective Hamiltonian subspace and higher order mixing of the effective Hamiltonian subspace with the complementary subspace is neglected. This approximation is valid to the extent that the magnitude of the neglected higher order terms is small for all ionic displacement patterns that contribute significantly to Z, i.e. those where E({u j }, e) is small. Integration over the complementary subspace gives a structure-independent contribution to Z which can be neglected. The remaining terms in E give an effective Hamiltonian H ef f . Integration of H ef f over the effective Hamiltonian subspace is sufficient to reproduce the dependence of the structure on temperature.
A change in variables allows the basis of the effective Hamiltonian subspace to be converted into one where the displacements are localized, i.e a lattice Wannier function (LWF) basis w R 19 . This procedure is analogous to that which des Cloizeaux 21 gave for determining electronic Wannier functions for a multidimensional subspace; except that the periodic functions are now ionic displacement patterns. 19 For simplicity, we assume that the effective Hamiltonian subspace consists of only a single normal mode subspace i = 1, drop the subscript i, and let ǫ kα label the normal modes in this subspace. The LWF is given in terms of the normal modes by
The subscript β labels the components of the LWF. ces at the high-symmetry q = 0 points in the Brillouin zone and Born effective charges were computed using density-functional perturbation theory 33, 34 in the variational formulation.
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At q = 0, the force constant matrix was computed using Hellmann-Feynman forces, as described in more detail below. Pulay corrections 36 were added to the total energy results as described in the Appendix.
We began with Pb 3 GeTe 4 in a high-symmetry reference structure. The structure, shown in Figure 2 , is produced by replacing a cubic superlattice of Pb ions in the PbTe rocksalt structure with Ge ions. There are eight atoms per unit cell. The structure has full cubic symmetry (space group Pm3m). The Ge occupies the cell corner (Wyckoff position 1(a)) and the three Pb's occupy the face centers (3(c)). The four Te's occupy two crystallographically distinct positions: the edge centers (3(d)) and the cube center (1(b)). Although this structure is not the minimum-energy structure, the forces on all ions are zero by symmetry, and the problem of relaxation can thus be neglected (note this is not true for the general case of partial Pb → Ge substitution). Furthermore, the Pb 3 GeTe 4 structure with the lattice constant a which minimizes the total energy is at an extremum of the E({u i }, e) energy surface, so that it can be used as a reference structure in the analysis of Section II. We found Next, we identified the lattice instabilities of the reference structure. The force constants at q = 0 were found by displacing each ion in turn and then calculating the HellmannFeynman forces. Anharmonic effects were found to be significant in Pb 3 GeTe 4 and thus it was necessary to calculate the forces for small (0.001 to 0.01Å) displacements and extrapolate the force constant values to zero displacement in order to obtain high precision.
For comparison, we also calculated the force constant matrix at q = 0 using the densityfunctional perturbation theory method. The latter results, however, violated the acoustic sum rule by as much as 0.1 eV/Å 2 , whereas the maximum violation of the acoustic sum rule for the extrapolated Hellmann-Feynman forces was only 10 −4 eV/Å 2 . The discrepancy between the force constant matrix elements found by the two methods was largest for the diagonal terms. In order to avoid significant acoustic sum rule violation corrections, at q = 0 we used the extrapolated Hellmann-Feynman forces.
Diagonalization of the resulting q = 0 dynamical matrix yielded a single unstable mode at Γ (see Table I ), with symmetry Γ 15 . The fact that it is strongly dominated by Ge motion led us to choose a single LWF centered on Ge with Γ 15 (vector) symmetry. To construct the effective Hamiltonian subspace, it is therefore necessary only to investigate those q = 0 normal modes compatible with this choice of LWF symmetry. We performed q = 0 linearresponse calculations to calculate the normal mode frequencies and eigenvectors for all such modes at the BZ points Γ, R, X and M (Table I) . For each label
R 15 , the lowest energy mode also has a large component of Ge motion (see Tables I and II), and is therefore easily identified as a mode belonging to the effective Hamiltonian subspace.
Substitution of the first-principles results for the ionic displacements of the selected normal modes into Eq. 2.10 leads to a set of linear equations, which can be solved to obtain the LWF. To obtain the exact LWF, which in general involves nonzero ionic displacements out to infinite distance, it would be necessary to include an infinite number of independent normal modes in the analysis. We expect, however, that the ionic displacements corresponding to the lattice Wannier function decrease rapidly with distance, in analogy to the behavior of electronic Wannier functions 21 and of the lattice Wannier function for PbTiO 3 . 13 . A good approximation to such a LWF can be obtained by setting all ionic displacements equal to zero outside of some finite region. The remaining finite set of ionic displacements can be determined from a finite set of normal modes via Eq. 2.9. For cubic Pb 3 GeTe 4 , we used all the modes of Table II . All modes were normalized so that the sum of the squared ionic displacements was 1Å 2 per primitive cell. For these high symmetry points, the normal modes can be chosen so that Ge motion is always strictly along a Cartesian direction and thus the matrix C in Eq. 2.9 is the unit matrix. The phases φ kα are already incorporated into Table   II and are chosen so that Ge motion is always in the same direction. The included modes yielded a set of 21 independent linear equations and therefore allowed the 21 independent components of ionic displacement shown in Table III to be determined. The displacements corresponding to the approximate LWF involve all ions out to ( √ 5/2)a from the central Ge ion and some ions as far as 1.5a away.
As can be seen from Table III Table III .
To summarize, the structure-dependent part of the partition function for Pb 3 GeTe 4
should depend only on a subspace of the full ionic displacement space, which can be used to generate an effective Hamiltonian. So far, we have found a good approximation to w R , the lattice Wannier function basis for the effective Hamiltonian subspace, which includes the unstable normal modes. We have a spin-like representation in which there is a one-to-one correspondence between ionic displacement patterns in the effective Hamiltonian subspace and the magnitudes and directions of a set of vectors located on each Ge ion. We will now describe the model Hamiltonian for Pb 3 GeTe 4 , obtained by (1) expanding the effective Hamiltonian energy per unit cell H ef f ({ ξ i }, e)/N in powers of ξ i and strain e, (2) truncating this expansion, and (3) determining the coefficient for each term from first-principles calculations.
Previous ab initio studies on perovskite ferroelectrics such as BaTiO 3 15 and PbTiO 3 13 have led to models of the same nature as that presented here, namely a set of interacting vector spins sitting on Wyckoff positions of full cubic symmetry for a cubic lattice with underlying space group P m3m. For Pb 3 GeTe 4 , we used the same truncations in the expansion of H ef f as was used for the PbTiO 3 model. 13 We verified that the terms retained were necessary and sufficient to accurately fit the corresponding ab initio results. Various contributions to the model Hamiltonian will now be considered in turn.
The total energy contains a structure-independent constant term
giving the energy of the high symmetry Pb 3 GeTe 4 reference structure ( ξ i = e = 0). In the case of disordered systems, differences in reference structure energy are important for comparing different chemical configurations. The value of U 0 /N for cubic Pb 3 GeTe 4 is given in the Appendix. Since only one cation configuration is considered in this work, the value of U 0 /N does not affect subsequent results.
The lowest order terms which depend on the local distortions { ξ i } are harmonic, with a local contribution U lh = i A| ξ i | 2 and an intersite pair contribution U ph = i,j a ijαβ ξ iα ξ jβ .
At long range, we expect the intersite pair interaction to approach the dipole-dipole form, while at shorter range, there should be significant corrections due to higher order multipole effects, induced charge redistributions and direct overlap of the ionic displacement patterns.
We thus split U ph into the sum of a long-range dipole-dipole term, U dd , and a short range "correction" term, U sr .
The energy of a system of dipoles of moment µ in a medium of electronic dielectric 11 constant ǫ ∞ is given by:
The sum over d is a sum over all interdipole separations, µ i is the dipole moment at site i, and µ i+ d is the dipole moment of the dipole at distance d from the dipole at site i.
To make use of Eq. 3.2, we need to know the dipole moments µ i corresponding to local distortions ξ i . Since the dipole moment at ξ = 0 is zero via centrosymmetry, the dipole moment for nonzero ξ is simply the sum of the polarizations P j induced by individual ionic displacements u j specified by the given ξ i :
For small displacements, the P j are determined by the Born effective charge tensor for the ion j, defined as the differential change in total polarization due to displacement of that ion:
Symmetry considerations reduce the number of independent terms in the Born effective charge tensors for Pb 3 GeTe 4 . Though our Pb 3 GeTe 4 structure has cubic symmetry, not all of the ions sit at centers of full cubic symmetry. The Ge and Te (1) Since the u j are proportional to ξ i (Eq. 2.12), the dipole moment µ can be written simply
where symmetry leads to a scalar mode effective charge parameter Z ⋆ , which for Pb 3 GeTe 4
has the value 12.10 eÅ. Eq. 3.2 can then be written in terms of ξ as follows:
The other material specific parameter needed in Eq. Next, consider U sr , the short-range correction term in the intersite pair interaction. The force constant matrix elements determined in a series of q = 0 linear response calculations, along with the corresponding ionic displacement fields, allow the total harmonic energy U lh + U ph to be determined. These are given in Table V for the various high-symmetry q points used in determining the LWF. For each normal mode used to construct the LWF, we calculated the dipole-dipole interaction energy U dd via Eq. 3.6. We then subtracted the dipole part from the total harmonic energy to obtain U sr ({ ξ i }).
As in the case of the LWF itself, the information obtained from a finite set of independent q points limits the number of interaction coefficients that can be determined. We include here all symmetry-adapted couplings to third neighbors in the cubic lattice (or sixth neighbor cations). There are two independent coefficients at first neighbor
three at second neighbor 8) and two at third neighbor
In these expressions,d is a unit vector that is summed over all directions from a site i to the neighbors in a given shell. For second neighbors, a further distinction is made between the two direction orthogonal tod:d 2 is the Cartesian vector orthogonal tod, andd 1 is orthogonal to bothd andd 2 . ξ i+d is the value of ξ for the site at distance d from site i.
By substituting the results of Table VI . There was not enough information at the high symmetry q points used to separate
f L and f T were all nonnegative, however, we found that the values chosen had little effect on the thermodynamic properties of our model, so we set
Note that the local correction to the dipole-dipole energy decreases as the intersite distance increases, becoming smaller than the dipole-dipole interaction at third neighbors. While there is a tendency for the intersite interaction to approach the dipole-dipole form at large distances, there is still significant deviation from this form at third neighbor distance.
14 Next, consider the anharmonic terms to be included in the model Hamiltonian. Such terms are crucial for determining the thermodynamics of a system undergoing a modesoftening structural phase transition. Making an important simplifying approximation which has been previously applied in the study of GeTe 12 and perovskite oxides 13-15 , we ignore multisite and higher-order pair interactions in our model Hamiltonian and include anharmonic terms only in the local distortion energy U la . The Ge sites are centers of full cubic symmetry; thus the onsite energy expansion includes only cubic invariant terms. We truncate the expansion at eighth order, including all terms up to quartic order and the isotropic sixth and eighth order terms:
The coefficients B, C, D and E were obtained from a series of frozen phonon calculations at Γ, after subtracting the Γ point harmonic energy, −1.6524 eV | ξ| 2 (Table V) . Various amplitudes of distortion | ξ| were applied in both theẑ and (x +ŷ +ẑ)/ √ 3 directions and a least squares fit to Eq. 3.10 was performed using the ab initio total energy results. The resulting coefficients are given in Table VI While the spin-like model obtained so far includes the necessary ingredients for a phase transition, the ground state symmetry of the crystal, degree of distortion and the nature of the phase transition all depend on magnitudes of both the strain (Eq. 2.6) and strain coupling terms (Eq. 2.7). 47 We include the effects of strain and strain coupling to lowest order. The symmetry adapted forms are: and
The variations in cell energy of uniformly strained Pb 3 GeTe 4 structures, with Pulay corrections, are shown in Figure 5 for the following types of strain: uniform dilation (e xx = e yy = e zz ), tetragonal strain (e xx = e yy = -e zz /2) and rhombohedral shear (e xy = e yx = e xz = e zx = e yz = e zy ). Least squares fits to these results determine the elastic constants C 11 , C 12 and C 44 shown in Table VI .
Finally, strain couplings were calculated by subtracting the energy at ξ = 0 from various uniform fixed amplitude (| ξ| = 0.25) distortions under various strains, using Eq. 3.12
to determine the form of the corresponding energy differences and finding the unknown coefficients via the linear parts of least-squares quadratic fits to each curve. The results are shown in Fig. 6 . In Table VI , we present the values obtained for the three independent strain coupling parameters g 0 , g 1 and g 2 . As a check, further calculations were performed in which the amplitude of the LWF distortion was also varied. The results were consistent with the strain coupling parameters found.
The effect of strain on the energy of a Γ local polar distortion is shown in Figure 7 , which is similar to Figure 4 
IV. FINITE TEMPERATURE SIMULATIONS
The model Hamiltonian constructed in the previous section is completely specified by
where the individual contributions are given by Eqs. 3.1 and 3.6-3.12 and the parameters appear in Table VI . This model Hamiltonian applies to all ionic displacements believed to play a role in the structural phase transition and allows one to calculate T c and other properties in the vicinity of the transition for the ordered Pb 3 GeTe 4 system. We analyzed the finite-temperature behavior using a classical "single flip" Metropolis Monte Carlo simulation.
Three types of Monte Carlo steps were applied: (1) A "spin" ξ i was chosen at random. A random vector located within a cube centered on the origin was added to the chosen spin vector. Acceptance ratios of about 1/e were obtained for a cube radius of 2 √ kT , where kT is in eV. (2) A spin was chosen at random. The x, y and z components were independently multiplied by ±1 with probability 0.5. This led to a great increase in simulation speed as the spins were able to overcome barriers between local energy minima. An acceptance ratio of about 0.3 was found for this step near T c . (3) One strain component was chosen at random.
A random number between −ǫ and +ǫ was added to this strain component. Acceptance we can obtain an estimate of the rms error for the ensemble averaged quantities 48 ,
We ran the simulations for a range of temperatures between 0K and 1000K. We began at 1000K, cooled to 0K and heated back up to test for hysteresis effects. At each temperature, the system was allowed to equilibrate before any sampling began.
At each temperature, the symmetry of the average cell was either cubic or rhombohedral to within statistical errors. Therefore the lattice parameter and the rhombohedral angle as a Although our model is classical, it sheds some light on quantum tunneling phenomena in the Pb 1−x Ge x Te system at small x by providing a potential energy surface for Ge motion. In Figure 11 (a), we show the potential energy surface for Ge motion in cubic Pb 3 GeTe 4 at zero temperature. There is only a single deep well for the Ge ion and thus no quantum tunneling.
A more relevant potential energy surface is that for a single Ge impurity in PbTe. While our calculations were performed on a structure with 25% Ge, a crude extrapolation to the isolated impurity case is possible by (1) setting all Ge-Ge interaction terms equal to zero and (2) setting the lattice parameter to the value for pure PbTe. When this is done, the potential energy surface for Ge atom motion is that shown in Figure 11 The KM model includes not only Ge off-centering, but coupling of Ge motion to the PbTe transverse optical phonons. In our calculation of normal modes, the coupling of Ge motion to other ionic motions is given in the dynamical matrix, which is then diagonalized. Compared to the KM model, we both reduce the number of degrees of freedom and incorporate normal modes that are more appropriate for a material containing substitution. Consider our Γ 15 eigenmode (Table II) . All Pb motion is this eigenmode is in the opposite direction of all Te motion, exactly as would be the case of the zone center PbTe TO phonon. The motion of one Te atom, however, is much larger in magnitude than all other Pb and Te motions, reflecting the importance of localization phenomena.
It is instructive to compare our results for Pb 3 GeTe 4 with similar results for pure PbTe.
Linear response calculations on PbTe were carried out using the experimental rocksalt structure as the reference structure and the LDA lattice parameter. All normal modes are stable, consistent with the experimental fact that PbTe is cubic down to zero temperature. 4, 6 It is also consistent with the fact that the instabilities in ternary Pb 3 GeTe 4 are associated with the Ge ions. When Ge is substituted for Pb, the Pb effective charge changes little and remains nearly isotropic. The Ge effective charge itself is significantly larger than that for the Pb it replaces.
The Te(2) Z ⋆ also changes substantially and becomes markedly anisotropic. An analogous anisotropy has been observed for the oxygen Z ⋆ in ABO 3 perovskite ferroelectrics. 49, 50 It is interesting that the two Z ⋆ components of highest magnitude are associated with the two most significant ionic displacements in the LWF, namely Ge off-centering along with axial motion of the first neighbor Te ions.
The values of the Born effective charges (and ǫ ∞ ) in Pb 3 GeTe 4 do not remain constant as the structure distorts from its reference structure to its ground state. We set the structure The large difference between T c for our Pb 3 GeTe 4 model and the experimental T c for the disordered system at the same composition merits discussion. The first source for the discrepancy is the approximations used in the first-principles energy calculations. Approximations in the ab initio calculations include the use of pseudopotentials, LDA, finite k-point sampling, a finite cutoff energy and a finite real-space grid for charge density. The second source for the discrepancy is the net effect of the neglected anharmonic effects, which may be important in Pb 3 GeTe 4 because the relative displacements of the ions is so large (order 0.5Å). For example, the dependence of Z ⋆ on distortion discussed in the previous paragraph will lead to a nonlinear dependence of P i on ξ i , which in turn will lead to anharmonic intersite interactions. Such anharmonic effects could either raise or lower T c and are worth further study. The third source for the discrepancy is our use of the LDA lattice parameter rather the (unknown) experimental one. 52 . Typically, ab initio phonon calculations using experimental lattice parameters are more accurate than those based on the LDA lattice parameters. 52 In section 3, we estimated that the LDA lattice parameter a for Pb 3 GeTe 4 is about 0.5% smaller than the experimental value, so more accurate results might be obtained by raising a. In general, raising the lattice parameter will "soften" the phonons and thus raise T c ; in the present case, this would increase the discrepancy between our T c and the experimental value.
Finally, there is the problem of extending the results for an ordered structure to those for a disordered alloy. We have, in effect, considered only one term in Eq. 2.1, which is not Given enough models for individual configurations, it should be possible to extract a "supermodel" that applies to all Pb 1−x Ge x Te configurations. In the same way that energy for a disordered alloy can be given in terms of a cluster expansion 53 , the values of the model parameters could also be given in terms of cluster expansions. Work is in progress to develop models for other Pb 1−x Ge x Te configurations and to incorporate the effects of relaxation into these models.
VI. CONCLUSIONS
As a first step towards a first-principles study of the effect of substitutional disorder show how much T c depends on configuration. and allow a model for the disordered system to be developed.
VII. APPENDIX
The use of a plane wave basis set and periodic boundary conditions in an ab initio calculation introduces two kinds of error. The first is due to the finite energy cutoff for the plane waves; the second is due to the discretization of wavevectors that is a result of using a finite periodic cell in real space. In this paper, we use Pulay corrections to compensate for the second source of error.
The specific method for applying Pulay corrections used here was taken from Rignanese et al. 36 . In this method, the density functional total energy E tot of a periodic system at fixed volume V 0 is measured at several cutoff energies E cut and treated as a function of the average number of plane waves per k point, N P W at those values of E cut . Rignanese et al.
suggest using cutoff energies of E cut (the fixed value for a set of calculations of different cells), E cut − 3% and E cut + 3% and then fitting through the resulting total energies E tot [N P W , V 0 ] via the following function:
Finally, the results obtained for the single cell volume V 0 are used to determine the Pulay corrections to total energy for any cell volume V 1 via the correction: at E cut , determined by multiplying the density of states in reciprocal space by the volume of the sphere containing plane waves of energy less than E cut and is given by By measuring the total energy of Pb 3 GeTe 4 at a = 6.375Å and PbTe at a = 6.275Å at E cut = 291, 300 and 309 eV, the following fitting forms were obtained:
PbTe : 
